A limiting method has been devised for a grid-independent flux function for use with the two-dimensional Euler and Navier-Stokes equations. This limiting is derived from a monotonicity analysis of the model and allows for solutions with reduced oscillatory behavior while still maintaining sharper resolution than a grid-aligned method. In addition to capturing oblique waves sharply, the grid-independent flux function also reduces the entropy generated over an airfoil in an Euler computation and reduces pressure distortions in the separated boundary layer of a viscous-flow airfoil computation. The model has also been extended to three dimensions, although no angle-limiting procedure for improving monotonicity characteristics has been incorporated.
INTRODUCTION
Many sophisticated numerical techniques for determining the flux a t a grid interface for one-dimensional flow computations now exist. Among these is the approximate Riemann solver of ~o e ' , which linearizes the system of governing equations about an average state and solves it exactly. The physics of the flow is wellrepresented by this method since the Riemann problem is modeled locally at each grid interface.
Unfortunately, in two or three dimensions, most flow solvers that employ any type of Riemann solver implement it in a direction-split manner, where onedimensional theory is applied in each grid direction separately. Because of this, the advantage in sophistication of the Riemann solver is lost. In reality, the waves can travel in infinitely many directions. Constraining them to the grid directions is inconsistent with the physics of the flow and can result in improper interpretation of waves that are not aligned with the grid.
A two-dimensional grid-independent approximate Riemann solver which obtains fluxes on grid faces via wave decomposition has been d e~e l o~e d~?~ for use with the Euler and Navier-Stokes equations. It utilizes infor-Copyright 01991 by the American Institute of Aeronautics and Astronautics, Inc. No copyright is asserted in the United States under Title 17, U.S. Code. The U.S. Government has a royalty-free license to exercise all rights under the copyright claimed herein for Governmental purposes. All other rights are reserved by the copyright owner mation propagating in the velocity-difference direction, rather than in the grid-normal direction, so it more appropriately interprets and hence more accurately resolves shock and shear waves when they lie oblique to the grid. In reference 2, it was shown that, although oblique shock and shear waves can be captured very sharply using this method, results are also nonmonotone (in the sense that oscillations and/or overshoots in flow variables such as pressure were evident near discontinuities). In the present study, a monotonicity analysis is undertaken in an effort to devise a suitable limiting procedure that will allow for sharp capturing of flowfield discontinuities with little or no nearby oscillations. Also, the grid-independent method is extended to three dimensions.
The grid-independent method uses five waves (rather than four, as in the standard grid-aligned method of Roe) to describe the difference in states at a grid face. Four of these are similar to the grid-aligned waves, except that they do not act in the grid-normal direction: two acoustic, one shear, and one entropy wave act in the direction defined by the local velocitydifference vector. The fifth wave is a shear wave which acts at a right angle to the other four. It allows for crisp representation of oblique shear waves.
The implementation of this method is nearly identical to that of the grid-aligned method. Hence it is very simple computationally to program. Since five waves are used as opposed to four, it is only slightly more costly per iteration. In practice, it is necessary to freeze the information-propagation directions partway through the computation to inhibit a nonlinear feedback which can induce oscillatory behavior in the flowfield and inhibit convergence. The equations can be discretized in finite volume form as P49 (7)
where Og is the angle that the outward-pointing cell face normal makes with the x-axis, and qg is the outward velocity normal t o the cell face, given by 
and is generally frozen along with 8; as an aid to convergence. This flux function has been used both in conjunction with an explicit mstage finite-volume upwind scheme as well as with an implicit finite-volume upwind approximate-factorization (A-F) scheme (CFL2D5). A stability analysis given in reference 2 of the explicit scheme showed the method t o be stable in conjunction with m = 2 or more stages (with appropriately chosen coefficients). A stability analysis of the implicit A-F method for the Euler equations, given in reference 3, indicates a practical stability limit of about 4 for the CFL number for first-order spatial differencing and about 2 for second-order when grid-aligned approximate left-hand side Jacobians are employed.
Monotonicitv Analvsis
The method for analyzing the monotonicity of the two-dimensional Euler equations is derived from considerations of the scalar convection equation ut + au, = 0.
The results of the Euler equations analysis are considered to be valid for the Navier-Stokes equations as well, since the viscous terms add dissipation which tends to mitigate numerical oscillations that may occur near regions of high gradient.
The one-dimensional scalar convection equation is written in finite-volume form, with forward-Euler time stepping ( i is a given cell bordered by (i -1) to the left and (i + 1) to the right):
Here fi+llz and fi-112 are flux functions on the (i+1/2) and (i -112) cell faces, respectively, and A x is the distance between the gridpoints. Consider now a computational stencil in which u:+l only depends on u l , u ? +~, and uL1. Godunov6 showed that one way to insure that spurious oscillations do not develop is to require that variations in u in each neighboring cell causes a variation in the same direction in cell i. In other words, if u , -~ increases, then u, should also increase, or at worst remain unchanged. A similar requirement holds As an example, consider first-order upwind differencing, which is already known to be monotone:
Here, 13 f,+llz/du;+l = +(a-la(), which is non-positive, and d f;-l/2/dui-1 = ( a + [ a ( ) , which is non-negative.
Hence first-order upwind differencing satisfies (18), as expected. A counter-example is central-differencing, which is already known not to be monotone:
Here, it is seen that (18) (Note that some points may be missing from these monotonicity plots wherever the eigenvalue solver does not converge within a specified number of iterations. However, we are more interested in general regions than in specific points.) As a specific example, from the figure it is seen that the scheme is monotone for approximately It is clear from this analysis that the restrictions on allowable 8; for a monotone scheme given by this analysis are quite severe, if not impossible to meet. Fortunately, in practice it appears that the restrictions on 8:
can be relaxed somewhat while still maintaining reasonably non-oscillatory solutions near discontinuities for a wide variety of flows.
Through extensive numerical experimentation, the following observations have been made regarding reducing the oscillatory behavior of the grid-independent model to an acceptable level: (1) (3) In the boundary layer region of Navier-Stokes solutions, odd-even point decoupling can occur when 8; is taken as (Og&:) and a x 8;. This condition occurs on grid interfaces in the boundary layer that are aligned with the flow direction, and is due to the fact that all components of the 8;-wavespeeds in the grid direction equal zero and the (8; -t q) shear wave has an extremely small wavespeed. Hence the dissipation is very small and the result is essentially centraldifferencing in that direction. By limiting the angle 8; to lie outside of a small region near (8; -a) = 0 at (8, -a) = *go0, this decoupling can be alleviated. Numerical examples of viscous flows both with and without 8;-limiting will be given in the Results section.
An attempt has been made to parameterize the "monotonicity regions" in accordance with the three observations made above. The empirically-generated 8:-limited regions for four different Mach numbers are shown in figures 3(a) through (d). It should be stressed that the determination of these regions is based only loosely on theory and primarily on numerical experimentation. The following empirical scheme has been found to give good results for a wide variety of problems. It is by no means deemed to be the best scheme for improving the monotonicity properties of the 5-wave model. First, some variables are defined: y -8 { t a n ) + 1 The unlimited grid-independent method yields extremely sharp shocks, but many oscillations are evident in the flowfield. The limited method reduces the oscillations while still providing more resolution than the gridaligned scheme.
An unexpected advantage of the grid-independent model over the grid-aligned scheme turns u p during the course of a grid convergence study using the Euler equations to solve subsonic flow over an airfoil. Figure 5 It is believed that the difference in entropy levels is due to the different ways that the two models interpret the flow near the stagnation point of the airfoil. Near the stagnation point, the flow undergoes very rapid turning with relatively small changes in pressure. The grid-aligned model interprets this turning t o be in part due to the action of + and -acoustic waves with nearly offsetting Ap's. Because the local flow is subsonic, the wavespeeds associated with each of these acoustic waves are of opposite sign, so the flux computed at interfaces near the leading edge is assigned a pressure which is too high or low by an amount Ap. This results in increased entropy generation. In contrast, the 5-wave model interprets the rapid turning near the stagnation point to be due primarily to the action of a (8; + ~/ 2 ) shear wave, which has no associated pressure jump across it. The entropy is lower as a consequence.
Second-order spatially accurate computations for both the 5-wave and the grid-aligned models entail extrapolating the left and right states a t each interface from primitive variables in the grid-aligned directions. It should be noted a t this point that, in general, second-order computations using the 5-wave model show only small improvement over grid-aligned computations. Shock waves that lie oblique t o the grid are usually resolved with about the same thickness using both methods. Also, the amount of entropy generated over an airfoil in a subsonic Euler computation is of the same order for both the 5-wave and grid-aligned models.
However, a specific case where an advantage of the 5-wave model over the grid-aligned model is realized in a second-order computation is for viscous separated flow over a NACA 0012 airfoil a t M = 0.5, a = 3O, and Re = 5000. On even reasonably fine meshes, the grid-aligned scheme does a poor job since there is a detached shear layer emanating from about midchord which is not oriented with the grid. The shear is misinterpreted as a combination of shear and compression, with the end result of a distortion in the computed pressure. An example is shown in figure 8(a) for a computation on a 129 x 49 C-mesh with minimum spacing of 0.0004~ and maximum outer boundary extent of 14c. 
The variables c,, cy, and c, represent the components of the unit normal direction vector n' in the a, y, and z directions, respectively. They can be written:
where the angles 0 and $ define a direction in three dimensions as depicted in figure 9 . The velocity-difference direction Zd, defined by the angles (Bd, $d), is obtained
The angles are each defined from -5 to 5. As in two dimensions, the direction of wave propagation is frozen as n'& in order t o eliminate nonlinear feedback in the solution.
The vector of wavestrengths is given by where All of_the waves except for the shear wave represented by R3 have wavespeeds in the n';-direction. The direction of propagation of the shear wave-,~3 is taken normal t o the plane spanned by VL and VR. This direction is chosen so that the model is able to sharply capture oblique shear waves through which the velocity undergoes rotation. Its derivation is discussed in greater detail in reference 3. The velocity ii, of this shear wave is identically zero when the direction of wave-propagation is not frozen. When the direction is frozen, then ii:, although small, is no longer necessarily zero. It is given by where (c,):, (cy):, and (c,)', are the components of the frozen shear-propagation direction in the three coordinate directions.
Finally, the components of the wavespeeds of all five waves in the grid-normal direction are written:
A monotonicity analysis in three dimensions proceeds in much the same way as the analysis in two dimensions. However, for simplicity i!' is assumed that the shear-wave speed associated with R3 is identically zero (which would be exactly true if the wave-propagation direction was never frozen). for two dimensions) that only the grid-aligned method is monotone at these subsonic conditions. However, it is believed that this constraint, as well as the constraints imposed when the flow is supersonic, can be relaxed somewhat in practice. Although an empirical limiting method has not been devised for three-dimensional flow due to its inherent complexity, it is believed that a successful method would be patterned much the same as the method currently employed for two dimensions. A sample three-dimensional Euler result is given for flow through a channel with a ramp. This case was first performed by Parpia? The geometry is shown in figure  13 . Computations are performed on a 41 x 17x 17 grid at an inflow Mach number of 2.8. Pressure contours in the i= 1 and i= 17 planes (far and near walls) are shown in figures 14(a) and (b) and 15(a) and (b) using first-order spatial discretization. The 5-wave model is seen to yield sharper shocks than the grid-aligned model for this case.
CONCLUSIONS
A monotonicity analysis is performed for a multidimensional flux function applied to the Euler equations. From the analysis, a limiting procedure is devised for two-dimensional flow which yields solutions with reduced oscillatory behavior while still maintaining sharper resolution of flowfield discontinuities than the grid-aligned flux function. The effect of the limiting is demonstrated for the case of supersonic channel flow with a ramp. The limited model is also applied to a subsonic Euler computation over an airfoil and a separated viscous flow Navier-Stokes computation over an airfoil. First-order accurate results for the subsonic airfoil flow yield lower entropy and hence more accurate drag predictions than the grid-aligned model. In the Navier-Stokes case, pressure distortions computed in the separated region over the airfoil by the grid-aligned model are reduced by the grid-independent model. The model is also extended to three dimensions, and a monotonicity analysis shows the behavior to be similar to the two-dimensional case. First-order results for a threedimensional channel flow with a ramp give sharper resolution of oblique shocks than the grid-aligned model. A limiting procedure is not developed for the threedimensional model. ... . . 
